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0. Introduction
When studying the properties and homotopy invariants of single- and/or set-valued parameterized maps, i.e., continuous
families f := { fb : Xb → Yb, b ∈ B}, where B is a topological parameter base space and Xb , Yb , b ∈ B , are topological spaces,
it is convenient to use the language of the ﬁberwise topology allowing to consider spaces X and Y as the disjoint unions
of the spaces Xb and Yb , respectively, together with the obviously deﬁned projections X → B and Y → B (see [8,9]). It is
clear that in order to construct a suitable ﬁxed point theory for f (see [4,3]) and, in particular, to establish the existence
of appropriate single-valued approximations in case f is set-valued (thus creating a setting for the set-valued ﬁxed point
theory (see [5,10])), it is important to describe the underlying spaces from the view-point of their extension and retraction
behavior.
To be more deﬁnite, recall that given the ﬁxed base space B , a ﬁberwise space over B (or just a space over B) is a pair
(X, p) consisting of a topological space and a continuous map p : X → B , called the projection.1 Note that if (X, p) is a
space over B and X0 ⊂ X , then the pair (X0, p0), where p0 := p|X0 : X0 → B is the restriction of p to X0, is a subspace over
B of (X, p). Similarly, given A ⊂ B , (XA, pA) := (p−1(A), p|p−1(A)) is a space over A. By a trivial space over B we mean the
product X × B with the usual projection πB : X × B → B onto B , i.e., πB(x,b) = b for x ∈ X and b ∈ B .2
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f transforms the ﬁber Xb := p−1(b) into the ﬁber Yb := q−1(b), i.e., q ◦ f = p.3 It is clear that f : X → Y is a map over B if
and only if the graph Gr( f ) := {(x, f (x)) | x ∈ X} of f is a subset of the ﬁberwise product X ×B Y := {(x, y) ∈ X × Y | p(x) =
q(y)}.
We look for a suitable and precise description of the class of absolute extensors over B , that is the class consisting of spaces
(Y ,q) over B such that, given a space (X, p) and a closed X0 ⊂ X , any continuous map f0 : X0 → Y over B admits a contin-
uous extension over B , i.e., a map f : X → Y over B such that f |X0 = f0. The general problem, stated without any restriction
concerning admissible pairs (X, X0) of spaces over B , seems to be diﬃcult. Therefore, we shall pay special attention to
extension properties of spaces over B with respect to pairs (X, X0) such that the complement X \ X0 is ﬁnite-dimensional.
This problem is very well-recognized in the non-ﬁberwise situation. We are going to establish conditions suﬃcient for the
extension over B phenomena stated in terms of the local extension properties (the so-called UV -properties) of the un-
derlying spaces (Theorem 2.6) as well as their ﬁberwise lifting properties (Theorem 2.9). In particular, we obtain a result,
being new even in the non-ﬁberwise case, characterizing in terms of the lifting property absolute neighborhood extensors
embedded as not necessarily closed subset in an arbitrary space over B (Theorem 2.9(b)). Moreover, we shall characterize
set-valued maps by means of the extension properties of their graphs (Theorem 2.4).
1. Preliminaries
From now on by a space we mean a metric space and by a map a continuous transformation of spaces. Given a space X
and A ⊂ X , cl A stands for the closure of A. By a homeomorphism (resp. an embedding or a retraction) over the base space B
we understand a map over B being a homeomorphism (resp. an embedding or a retraction).
Given spaces X , Y , by a set-valued map ϕ from X into Y (written ϕ : X Y ) we mean a map assigning to any x ∈ X
a nonempty (not necessarily closed) subset ϕ(x) of Y and, by the graph of ϕ , the set Gr(ϕ) := {(x, y) ∈ X × Y | y ∈ ϕ(x)}.
Note that Gr(ϕ) may be regarded as a space over X with the usual projection πX : Gr(ϕ) → X onto X . We say that a set-
valued map ϕ is lower semicontinuous if, for any open set U ⊂ Y , the preimage ϕ−1(U ) := {x ∈ X: ϕ(x) ∩ U = ∅} is open or,
equivalently, given x ∈ X , y ∈ ϕ(x) and a sequence (xn) convergent to x, there is a sequence yn ∈ ϕ(xn) such that yn → y.
It is clear that ϕ is lower semicontinuous if and only if the projection πX is open. By a selection of ϕ we mean a map
f : X → Y such that f (x) ∈ ϕ(x) for any x ∈ X . Note that if (X, p), (Y ,q) are spaces over B , then f : X → Y is a map over B
if and only if f is a selection of the set valued map ϕ(x) := q−1(p(x)), x ∈ X .
Given a space X , by dim(X) we denote the covering dimension of X . In view of the Ostrand theorem (see [16]), dim(X) n
if and only if, for any open cover U of X , there is an open cover {Wk}nk=0 of X such that Wk is a disjoint union of open sets
any one of which is contained in an element of U.
In what follows by M we denote the class of all closed pairs of (metric) spaces, i.e., (Z , Z0) ∈ M if Z is a space and
Z0 ⊂ Z is closed. Let C be a subclass of M. We say that a space Y is an absolute neighborhood extensor (resp. absolute
extensor) for the class C , written Y ∈ ANE(C) (resp. written Y ∈ AE(C)), if for any pair (Z , Z0) ∈ C , any map f0 : Z0 → Y
admits a (continuous) extension f : U → Y to an open neighborhood U of Z0 (resp. f : Z → Y ). It is well known that the
class ANE(M) (resp. AE(M)) coincides with the class of absolute neighborhood retracts (resp. absolute retracts) [2,6].
The following subclass of M
Mcn :=
{
(Z , Z0) ∈ M | dim(Z \ Z0) n + 1
}
, n 0,
will be of a special importance for us. It is clear that ANE(M) ⊂ ANE(Mcn) and AE(M) ⊂ AE(Mcn) since Mcn ⊂ M.
Recall that, for n  0, a space K is locally n-connected (written K ∈ LCn) if, for any y ∈ K , any open neighborhood U
of y in K contains an open neighborhood V of y in K such that, for any 0  k  n, every map f0 : Sk → V extends to
f : Dk+1 → U (here and below Sk and Dk+1 stand for the unit sphere and the unit closed ball in the Euclidean (k + 1)-
dimensional space Rk). A space K is n-connected (written K ∈ Cn) if, for all 0  k  n, every map f0 : Sk → K extends to
f : Dk+1 → K . In other words Cn = AE(Sn) where Sn := {(Dk+1, Sk) | 0 k n}.
The classical Kuratowski–Dugundji extension theorem (see [6]) asserts that, for any integer n 0,
ANE
(Mcn)= LCn, (1)
AE
(Mcn)= LCn ∩ Cn. (2)
In what follows we shall establish similar characterization of ﬁberwise absolute (neighborhood) extensors.
2. Fiberwise absolute neighborhood extensors
Fiberwise absolute (neighborhood) extensors were studied e.g. by James in [8] or, in a bit more general setting, by Miwa
in [15]. They considered a ﬁberwise extension for a weakly hereditary class of topological spaces C , i.e. if, Z ∈ C , then Z0 ∈ C
3 Since we do not require p to be surjective, ﬁbers may be empty.
J. Mederski / Topology and its Applications 156 (2009) 2295–2305 2297for any closed subset Z0 of Z . Since we take into account the class Mcn , below we propose a deﬁnition in the ﬁberwise
analogy to the above mentioned notion of absolute (neighborhood) extensors.
Let again C be a subclass of the class M of all closed pairs of spaces. Given a base space B , CB denotes the collection of
pairs (Z , Z0) ∈ C such that (Z , s) is a space over B for some projection s : Z → B . Evidently Z0 is a space over B , too.
Deﬁnition 2.1. We say that a space (Y ,q) over B is a (ﬁberwise) absolute neighborhood extensor over B for the class C , written
(Y ,q) ∈ ANEB(C), if given (Z , Z0) ∈ CB and a map f0 : Z0 → Y over B , there is an open neighborhood U of Z0 in Z and a
map f : U → Y over B such that the following diagram
Z0
f0
⊂
Y
q
B
U
f
s|U
is commutative; in other words f0 admits an extension to a map f : U → Y over B .
The space (Y ,q) over B is an absolute extensor over B for the class C (written (Y ,q) ∈ AEB(C)) if, for every (Z , Z0) ∈ CB ,
any map f0 : Z0 → Y admits an extension f : Z → Y over B .
It is clear that AEB(C) ⊂ ANEB(C), and if B = {b} is a singleton, then AEB(C) = AE(C) and ANEB(C) = ANE(C).
The following standard properties are easy to establish (comp. [15,8,6,2]). If U is an open subset of Y , (Y ,q) ∈ ANEB(C),
then (U ,q|U ) ∈ ANEB(C). If (Y ,q) ∈ ANEB(C) (resp. AEB(C)) and (Y ′,q′) is homeomorphic to (Y ,q) over B , then (Y ′,q′) ∈
ANEB(C) (resp. AEB(C)). If Y0 ⊂ Y is a retract of Y over B , i.e. there is a map r : Y → Y0 over B such that r(y) = y for
y ∈ Y0, and (Y ,q) ∈ ANEB(C) (resp. AEB(C)), then (Y0,q|Y0) ∈ ANEB(C) (resp. AEB(C)). A trivial space over B , (X× B,πB) ∈
ANEB(C) (resp. AEB(C)) if and only if X ∈ ANE(C) (resp. AE(C)). Moreover if (Y ,q) ∈ ANEB(C) (resp. AEB(C)) and b ∈ B ,
then q−1(b) ∈ ANE(C) (resp. AE(C)) provided q−1(b) = ∅. If (Y ,q) ∈ AEB(C) and for any space Z consisting of single point,
(Z ,∅) ∈ C , then the projection q is surjective, i.e., all ﬁbers are nonempty.
In what follows we shall consider two additional assumptions concerning the class C .
(C1) If (Z , Z0) ∈ C , then (U , Z0) ∈ C for any open neighborhood U of Z0.
(C2) If (Z , Z0) ∈ C , then (Z ′, Z ′0) ∈ C for any closed subsets Z ′ , Z ′0 of Z such that Z0 ⊂ Z ′0 ⊂ Z ′ ⊂ Z .
It is clear that classes M and Mcn introduced above satisfy both conditions (C1) and (C2). Observe that as above AEB(M) ⊂
AEB(Mcn) and ANEB(M) ⊂ ANEB(Mcn).
Proposition 2.2.
(a) If (Y ,q) ∈ ANEB(C) and, for any b ∈ B, (B, {b}) ∈ C , then the projection q is an open map; hence the set-valued map B ⊃ q(Y ) 
b  q−1(b) ⊂ Y is lower semicontinuous.
(b) If (Y ,q) ∈ AEB(C) and B ∈ AE(C), then Y ∈ AE(C).
(c) Suppose that condition (C1) is satisﬁed. If (Y ,q) ∈ ANEB(C) and B ∈ ANE(C), then (Y ,q) ∈ ANE(C).
(d) Suppose that condition (C2) is satisﬁed, let (Y ,q) be a space over B and let U be an open cover of B. If, for each U ∈U, (YU ,qU ) ∈
ANEU (C) (resp. AEU (C)), then (Y ,q) ∈ ANEB(C) (resp. AEB(C)).
Proof. (a) Take an open U ⊂ Y , b ∈ q(U ) and y ∈ U such that q(y) = b. Let f0 : {b} → U be such that f0(b) = y. Regarding
B as a space over B with the identity idB as the projection and since (U ,q|U ) ∈ ANEB(C) we get an open neighborhood V
of b in B and an extension f : V → U over B of f0. The inclusion
V = idB(V ) = q ◦ f (V ) ⊂ q(U )
shows that the map q is open.
(b) Take (Z , Z0) ∈ C and let f0 : Z0 → Y be a map over B . Since B ∈ AE(C), there is an extension s : Z → B of q ◦ f0 :
Z0 → B . Regard Z as a space over B with s as the projection, f0 becomes a map over B . Since (Y ,q) ∈ AEB(C), there is an
extension of the map f0.
(c) The proof is similar to the previous one.
(d) The proof is an almost exact repetition of the proof of Proposition 8.25 in [8].4 
Proposition 2.2(d) implies the following (comp. Corollary 8.26 in [8]).
4 In [8], Proposition 8.25 deals with topological spaces over B being (neighborhood) extensors with respect to the class of all paracompact spaces. The
technique used there may be easily adopted to the classes of ANEB (C) and AEB (C) provided C satisﬁes condition (C2).
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(a) If F ∈ ANE(M) (resp. AE(M)), then (E, p) ∈ ANEB(M) (resp. AEB(M)).
(b) If F ∈ ANE(Mcn) (resp. AE(Mcn)), then (E, p) ∈ ANEB(Mcn) (resp. AEB(Mcn)).
In particular, the tangent bundle π : TM → M to a smooth manifold M is an example of a ﬁberwise absolute extensor
over M for the class M.
Following Dold (see [4]) we say that a space (Y ,q) over B is an absolute neighborhood retract (resp. absolute retract) over
B (written (Y ,q) ∈ ANRB (resp. ARB )) if there are a normed space E , an open subset UB of a trivial space E × B (resp.
UB = E × B) over B and maps i : Y → UB and r : UB → Y over B , such that r ◦ i = idY .
In view of the Arens–Eells embedding theorem [1] it is a routine to check that
ANRB = ANEB(M) and ARB = AEB(M).
2.1. Graphs of set-valued maps as absolute neighborhood extensors over domains
As observed above the graph of a set-valued map ϕ : X  Y may be regarded as a space over X with the projection
πX : Gr(ϕ) → X . The Michael selection theorem (see [12] or [17]) provide important examples of ﬁberwise absolute neigh-
borhood extensors. Namely, if Y is a Banach space, ϕ is a lower semicontinuous set-valued map with closed and convex
values, then (Gr(ϕ),πX ) ∈ AEX (M) (comp. Proposition 2.4 in [11]).
We are going to characterize set-valued maps ϕ such that (Gr(ϕ),πX ) ∈ ANEX (Mcn) (resp. AEX (Mcn)).
Let K be a family of subsets of a given space Y . Following Michael in [13] (see also [17]), we say that K is equi-
locally n-connected (written K ∈ ELCn(Y )) if, for any K ∈ K and y ∈ K , every open neighborhood U of y in Y contains
an open neighborhood V of y in Y such that, for all K ′ ∈ K and k  n, any map f0 : Sk → K ′ ∩ V admits an extension
f : Dk+1 → K ′ ∩ U . The following result constitutes a ﬁberwise analogue of the Kuratowski–Dugundji theorem (Eqs. (1)
and (2)).
Theorem 2.4. Assume that a space Y is complete and let ϕ : X Y be a lower semicontinuous set-valued map with closed values.
Then (Gr(ϕ),πX ) ∈ ANEX (Mcn) if and only if, for every space (Z , s) over X, {{z} × ϕ(s(z)) | z ∈ Z} ∈ ELCn(Z × Y ). Moreover
(Gr(ϕ),πX ) ∈ AEX (Mcn) if and only if (Gr(ϕ),πX ) ∈ ANEX (Mcn) and ϕ(x) ∈ Cn for all x ∈ X. In particular, if {ϕ(x) | x ∈ X} ∈
ELCn(Y ), then (Gr(ϕ),πX ) ∈ ANEX (Mcn).
Proof. Let (Z , s) be a space over X , let Z0 ⊂ Z be closed and such that (Z , Z0) ∈ Mcn , and let f0 : Z0 → Gr(ϕ) be a map
over X . Suppose that {{z} × ϕ(s(z)) | z ∈ Z} ∈ ELCn(Z × Y ). Then the map ϕ ◦ s : Z Y , deﬁned by
ϕ ◦ s(z) := ϕ(s(z)), z ∈ Z ,
is lower semicontinuous and has closed values. Moreover πY ◦ f0 : Z0 → Y is a selection of the restriction (ϕ ◦ s)|Z0 . In view
of the Michael theorem (see Theorem 1.2 in [14]), there exists an extension f1 : U → Y of f0 to an open neighborhood U
of Z0, being a selection of ϕ ◦ s. Therefore f : U → Gr(ϕ), deﬁned by
f (z) := (s(z), f1(z)), z ∈ U ,
is a well-deﬁned map over X , being an extension of f0. Therefore Gr(ϕ) ∈ ANEX (Mcn).
Conversely, let Gr(ϕ) ∈ ANEX (Mcn) and suppose that there is a space (T , p) over X such that {{t} × ϕ(p(t)) | t ∈ T } /∈
ELCn(T × Y ). Thus there are (t0, y0) ∈ Gr(ϕ ◦ p) and an open neighborhood U of (t0, y0) such that, for any sequence of
open neighborhoods {Vm}m1 of (t0, y0), Vm ⊂ U , there are:
• a sequence of pairs (Zm, Z0m) ∈ Sn ,• a sequence {tm}m1 ⊂ T ,
• and a sequence of maps fm : Z0m → ({tm} × ϕ(p(tm))) ∩ Vm , m 1, such that fm does not admit extensions to Zm into
({tm} × ϕ(p(tm))) ∩ U for any m 1.
Assume that {Vm}m1 is a decreasing sequence of neighborhoods of (t0, y0) such that ⋂m1 Vm = {(t0, y0)} and that
a space Z0 = Z00 = {z0} where z0 /∈ Zm for any m  1. Consider the disjoint unions Z :=
∐
m0 Zm and Z0 :=
∐
m0 Z
0
m .
Following the proof of Theorem 2.1, Chapter V in [6], there is a metric dZ on Z deﬁned by:
dZ (z, z
′) =
⎧⎪⎨
⎪⎩
2−mdZm (z, z′), if z, z′ ∈ Zm,m 1,
2−min(m,m′), if z ∈ Zm, z′ ∈ Zm′ ,m =m′,m,m′  1,
2−m, if z ∈ Z , z′ = z ,m 1,
(3)m 0
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as a space over X with the projection s : Z → X given by
s(z) = p(tm)
for z ∈ Zm , m 1 and s(z0) = p(t0). In view of (3), s is continuous; the continuity at z0 follows since the sequence {tm}m1
converges to t0.
Let πY : T × Y → Y be the projection. It is easy to see that a map f0 : Z0 → Gr(ϕ) given by
f0(z0) =
(
s(z0), y0
)
, f0(z) =
(
s(z),πY ◦ fm(z)
)
,
for any z ∈ Z0m and m 1, is a well-deﬁned continuous map over X . Since Gr(ϕ) ∈ ANEX (Mcn), there is an extension f over
X of f0 to an open neighborhood U0 of Z0.
Let fˆ : U0 → Gr(ϕ ◦ p) be deﬁned by
fˆ (z) = (tm,π ′Y ◦ f (z)),
for any z ∈ U0 ∩ Zm and m  0, where π ′Y is a projection of X × Y onto Y . Clearly fˆ is a continuous map over X . Thus
U1 := fˆ −1(Gr(ϕ ◦ p) ∩ U ) is an open neighborhood of z0 and then there is m  1 such that Zm ⊂ U1. Hence fˆ |Zm : Zm →{tm} × ϕ(p(tm)) ∩ U is an extension of fm; this leads to a contradiction.
Suppose that Gr(ϕ) ∈ ANEX (Mcn) and ϕ(x) ∈ Cn for any x ∈ X . For every space (Z , s) over X , {{z} × ϕ(s(z)) | z ∈ Z} ∈
ELCn(Z × Y ) and ϕ(s(z)) ∈ Cn for any z ∈ Z . Using the Michael theorem, we show that Gr(ϕ) ∈ AEX (Mcn) similarly as
above. Conversely, if Gr(ϕ) ∈ AEX (Mcn), then a ﬁber {x} × ϕ(x) ∈ AE(Mcn) ⊂ Cn; therefore ϕ(x) ∈ Cn for any x ∈ X . 
Note that, in view of Proposition 2.2(a), if (Gr(ϕ),πX ) ∈ ANEX (Mcn) and dim(X) n+1, then ϕ is lower semicontinuous.
Corollary 2.5. Suppose that (Y ,q) is a space over the base B, the projection q is an open surjection and Y is a complete space.
Then (Y ,q) ∈ ANEB(Mcn) if and only if, for every space (Z , s) over B, {{z} × q−1(s(z)) | z ∈ Z} ∈ ELCn(Z × Y ). Moreover (Y ,q) ∈
AEB(Mcn) if and only if (Y ,q) ∈ ANEB(Mcn) and q−1(b) ∈ Cn for any b ∈ B. In particular, if {q−1(b) | b ∈ B} ∈ ELCn(Y ), then
(Y ,q) ∈ ANEB(Mcn).
Proof. We apply Theorem 2.4 to a set-valued map B  b  q−1(b) ⊂ Y . 
2.2. Characterizing ANEB(Mcn) by a local ﬁberwise extension property
Let (Y ,q) be a space over the base B and Y0 ⊂ Y . We say that the pair (Y , Y0) has the (ﬁberwise) extension property over B
for the class C (written (Y , Y0) ∈ E P B(C)) if, for any pair (Z , Z0) ∈ CB , where s is the projection of Z such that s(Z) ⊂ q(Y0),
any ﬁberwise map f0 : Z0 → Y0 over B admits an extension f : Z → Y over B , i.e., the following diagram
Y0 q|Y0
⊂
Z0
f0
⊂
Y
q
B
Z
f
s
is commutative.
By the very deﬁnition, if q is a surjection, then (Y , Y ) ∈ E P B(C) if and only if (Y ,q) ∈ AEB(C). The following result is
well-known in the non-ﬁberwise case, i.e., if the base space B is a singleton (see Theorem 2.1, Chapter V in [6]).
Theorem 2.6. Let (Y ,q) be a space over B with the open projection q. The following assertions are equivalent:
(a) (Y ,q) ∈ ANEB(Mcn);
(b) for each y ∈ Y and any open neighborhood U of y, there is an open neighborhood V ⊂ U of y such that (U , V ) ∈ E P B(Mcn).
In order to proceed with a proof we need the following lemma providing a ﬁltration of a given space.
Lemma 2.7. If (Z , Z0) ∈ Mcn, then for any open coverW of the space Z , there exists a sequence of closed subspaces Z0 ⊂ Z1 ⊂ · · · ⊂
Zn+2 = Z , such that, for i = 0, . . . ,n + 1,
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⋃
α∈Ii
Bαi ,
where Ii is a set of indices, and, for any α ∈ Ii , Bαi is a closed set contained in an element of the coverW. The sets {Bαi ∩ (Z \ Z0)}α∈Ii
are pairwise separated by open neighborhoods.5
Proof. Let an open cover W0 of Z be a reﬁnement of the cover W such that, the closure of any element of W0 is contained
in an element of W. Since dim(Z \ Z0) n+ 1, according to the Ostrand theorem, we ﬁnd an open cover {Wi}n+1i=0 of Z \ Z0
such that, for any i = 0, . . . ,n + 1, we have that
Wi =
⋃
α∈Ii
W αi ,
where open sets W αi are pairwise disjoint for all α ∈ Ii , where Ii is a set of indices, and any set W αi is contained in an
element of the cover W0. Moreover, there exists an open cover {W ′i }n+1i=0 of Z \ Z0 such that, for i = 0, . . . ,n+1, clZ\Z0 W ′i ⊂
Wi .6 For i = 0, . . . ,n + 1, let
Zi+1 := Zi ∪ clZ\Z0 W ′i = Zi ∪ clW ′i .
Hence, for i = 0,1, . . . ,n + 2, Zi is a closed subset of Z and Zn+2 = Z . Let α ∈ Ii . Note that the set
Bαi := cl
(
W ′i ∩ W αi
)
is closed in Z , contained in some element of the cover W,
Bαi ∩ (Z \ Z0) ⊂ clW ′i ∩ (Z \ Z0) ∩ clW αi ⊂ Wi ∩ clW αi = W αi .
Since clW ′i ∩ (Z \ Z0) ⊂ clW ′i ∩ Wi ⊂
⋃
α∈Ii B
α
i , then( ⋃
α∈Ii
Bαi
)
∩ (Z \ Z0) = clW ′i ∩ (Z \ Z0).
Thus, for i = 0, . . . ,n + 1,
Zi+1 = Zi ∪
⋃
α∈Ii
Bαi .
This completes the proof. 
Proof of Theorem 2.6. Assume that the condition (b) holds and let (Z , s) be a space over B , (Z , Z0) ∈ Mcn and let f0 : Z0 →
Y be a map over B . We shall show that f0 admits an extension over B to a neighborhood of Z0. The paracompactness of
Y implies that, for any y ∈ Y , there are a sequence V n+1y ⊂ V ny ⊂ · · · ⊂ V 0y ⊂ Y of open neighborhoods of y and a sequence
Un+1,Un, . . . ,U0 := {Y } of open covers of Y such that the following conditions are satisﬁed:
for any i = 0,1, . . . ,n + 1 and y ∈ Y , there is U iy ∈Ui such that
(
U iy, V
i
y
) ∈ E P B(Mcn), (4)
for any i = 1,2, . . . ,n + 1, the cover Ui is a strong star-reﬁnement7 of the cover {V i−1y }y∈Y . (5)
For any z ∈ Z0, the set W 0z := f −10 (V n+1f0(z)) is an open neighborhood of z in Z0. For any z ∈ Z0, let
Wz :=
{
z′ ∈ Z ∣∣ d(z′,W 0z )< d(z′, Z0 \ W 0z )}∩ s−1(q(V n+1f0(z)
))
,
where d is a metric on the space Z . It is not diﬃcult to check that Wz is an open neighborhood of z in Z and
Wz ∩ Z0 = W 0z .
Moreover, if z, z′ ∈ Z0 are such that Wz ∩ Wz′ = ∅, then
Wz ∩ Wz′ ∩ Z0 = ∅. (6)
5 Subsets {Bi}i∈I of a space Z are pairwise separated by open neighborhoods, if, for any i, i′ ∈ I , i = i′ , there are open neighborhoods U ⊃ Bi and V ⊃ Bi′
such that U ∩ V = ∅.
6 If Z ′ is a subspace of a space Z , W ⊂ Z ′ , then clZ ′ W denotes the closure of the set W in the space Z ′ .
7 An open cover U is the strong star-reﬁnement of the cover V if for any U ∈U there is V ∈V such that a star st(U ,U) :=⋃{U ′ ∈U | U ∩ U ′ = ∅} is a
subset of V .
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d
(
a,W 0z
)
< d
(
a, Z0 \ W 0z
)
 d
(
a,W 0z′
)
< d
(
a, Z0 \ W 0z′
)
 d
(
a,W 0z
)
,
which leads to a contradiction.
We shall see that f0 admits an extension over B to the open neighborhood U :=⋃z∈Z0 Wz of Z0. Applying Lemma 2.7
to the pair (U , Z0) ∈ Mcn and to W = {Wz | z ∈ Z0}, we get a ﬁltration Z0 ⊂ Z1 ⊂ · · · ⊂ Zn+2 = U and a family {Bαi | i =
0, . . . ,n + 1, α ∈ Ii} satisfying conditions of this lemma. To any i = 0, . . . ,n + 1 and α ∈ Ii , we assign a point z(i,α) ∈ Z0
such that
Bαi ⊂ Wz(i,α).
For i = 1, . . . ,n + 2 we construct a map f i : Zi → Y over B and a family of maps { f αi−1 : Wz(i−1,α) → Y }α∈Ii−1 over B ,
satisfying the following conditions:
for any α ∈ Ii−1, there is U ′ ∈Un+2−i such that f αi−1(Wz(i−1,α)) ⊂ U ′, (7)
f αi−1(z) = f i(z) for any z ∈ Bαi−1, α ∈ Ii−1, (8)
f i(z) = f i−1(z) for any z ∈ Zi−1. (9)
The map f0 is given. Suppose that, for some i ∈ {0, . . . ,n + 1}, maps { fk | k = 0, . . . , i} and, if i  1, families of maps
{{ f αk−1}α∈Ik−1 | k = 1, . . . , i} satisfying the above conditions are constructed.
Take any α ∈ Ii . We claim that there exists y ∈ Y such that
f i(Zi ∩ Wz(i,α)) ⊂ V n+1−iy .
In fact: for i = 0, it is obvious. Assume that i  1. Then
f i(Zi ∩ Wz(i,α)) ⊂ f0(Z0 ∩ Wz(i,α)) ∪
i−1⋃
k=0
⋃
α′∈Ik
f i
(
Bα
′
k ∩ Wz(i,α)
)
⊂ V n+1f0(z(i,α)) ∪
⋃
(k,α′)∈I(i,α)
fk+1
(
Bα
′
k
)⊂ V n+1f0(z(i,α)) ∪
⋃
(k,α′)∈I(i,α)
f α
′
k (Wz(k,α′)), (10)
where I(i,α) := {(k,α′) | k = 0, . . . , i − 1, α′ ∈ Ik, Wz(i,α) ∩ Wz(k,α′) = ∅}. Let (k,α′) ∈ I(i,α). Since the cover Un+2−(k+1) is
a reﬁnement of the cover Un+2−i and condition (7) holds, there is U ′ ∈Un+2−i such that
f α
′
k (Wz(k,α′)) ⊂ U ′.
Hence, in view of (6), V n+1f0(z(i,α)) ∩ U ′ = ∅ and, by (10) and (5), we have
f i(Zi ∩ Wz(i,α)) ⊂ st
(
V n+1f0(z(i,α)),U
n+2−i)⊂ V n+1−iy ,
for some y ∈ Y . Since (Wz(i,α), Zi ∩ Wz(i,α)) ∈ Mcn and
s(Wz(i,α)) ⊂ q
(
V n+1f0(z(i,α))
)⊂ q(V n+1−iy ),
in view of (4), there is an extension f αi : Wz(i,α) → Un+1−iy of f i|Zi∩Wz(i,α) over B , where Un+1−iy ∈Un+1−i . Now we deﬁne a
map f i+1 : Zi+1 → Y by the formulae
f i+1(z) = f αi (z), if z ∈ Bαi and α ∈ Ii,
f i+1(z) = f i(z), if z ∈ Zi .
Clearly f i+1 is a correctly deﬁned map over B . The continuity of f i+1 follows from the fact that the sets {Bαi ∩ (U \ Z0)}α∈Ii
are pairwise separated by open neighborhoods. Moreover the map f i+1 and the maps f αi satisfy conditions (7)–(9). By
induction, the map f := fn+2 : U = Zn+2 → Y is a required extension of f0 over B .
We shall now show the implication (a) ⇒ (b). Suppose to the contrary that condition (b) is not fulﬁlled. Then there is
y0 ∈ Y and an open neighborhood U ⊂ Y of y0 such that, for any sequence of open neighborhoods {Vm}m1 of y0, there
are a sequence of pairs of spaces (Zm, Z0m) ∈ Mcn over B with the projection sm : Zm → B such that
sm(Zm) ⊂ q(Vm), (11)
and a sequence of maps fm : Z0m → Vm over B , m  1, such that fm does not admit extensions over B to Zm with values
in U for any m  1. Take a decreasing sequence {Vm}m1 of neighborhoods of y0 such that ⋂m1 Vm = {y0}. Let Z0 = Z00
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Z :=∐m0 Zm , Z0 :=∐m0 Z0m , and introduce a metric on Z provided by (3). Since (Z , Z0) ∈ Mcn and Z may be regarded
as a space over B with the projection s : Z → B such that s(z) = sm(z) for z ∈ Zm , m 1, and s(z0) = q(y0). In view of the
deﬁnition of the metric on Z , s is clearly continuous at all points of Z \ Z0. Taking into account condition (11), we get the
continuity of s at z0. Moreover, f0 : Z0 → U , given by f0(z) = fm(z) for any z ∈ Z0m , m 1, and f0(z0) = y0, is a map over X .
Since U ∈ ANEB(Mcn), there is an extension f over B of f0 to a neighborhood U0 of Z0. Since U0 is an open neighborhood
of z0 and by the deﬁnition of the metric on Z , there is m 1 such that Zm ⊂ U0; hence πY ◦ f |Zm : Zm → U is an extension
of fm . The achieved contradiction completes the proof. 
Remark 2.8. The proof of the suﬃciency of the condition (b) in the non-ﬁberwise case in [6] relies on the technique of
canonical coverings. Having embedded a pair (Z , Z0) ∈ Mcn into the geometric realization of a nerve, the proof proceeds by
inductive extension of maps on the skeletons. However in our case this approach seems to be diﬃcult to adopt. Hence, we
propose a new argument depending on the technique of ﬁltration of (Z , Z0) (Lemma 2.7) substituting the above mentioned
approach.
2.3. Characterizing ANEB(Mcn) by a ﬁberwise lifting property
Let (Y ,q) be a space over B and let Y0 ⊂ Y . We say that the pair (Y , Y0) has the ﬁberwise lifting property over B for the
class C (written (Y , Y0) ∈ LP B(C)) if, for any pair (Z , Z0) ∈ CB and any map g : Z → Y over B such that g(Z0) ⊂ Y0, there is
a lifting f : Z → Y0 of g over B such that f |Z0 = g|Z0 , i.e., the following diagram
Y0 q|Y0
Z0
g|Z0
⊂
Y
q
B
Z
g
s
f
is commutative.
Assuming that (Y , Y0) ∈ C we easily show that (Y , Y0) ∈ LP B(C) if and only if Y0 is a retract over B of Y . Hence, if
(Y ,q) ∈ ANEB(C) and the class C satisﬁes condition (C1), then, for any space T over B and a closed embedding i : Y → T
over B such that (T , i(Y )) ∈ C , there is an open neighborhood U of i(Y ) in T , such that (U , i(Y )) ∈ LP B(C). The converse
statement is also true if C = Mcn (see Theorem 2.9(c)). This result has been proven in the non-ﬁberwise case, i.e. if B is
a singleton (see Theorem 3.1, Chapter V in [6]). Moreover, we investigate the behavior of the space (Y ,q) ∈ ANEB(Mcn)
embedded (not necessarily as a closed set) in an arbitrary space over B (see Theorem 2.9(b)).
Theorem 2.9. Let (Y ,q) be a space over B with the open projection q. The following assertions are equivalent:
(a) (Y ,q) ∈ ANEB(Mcn);
(b) for any space T over B and a homeomorphism i : Y → i(Y ) ⊂ T over B, there is an open neighborhood U of i(Y ) in T , such that
(U , i(Y )) ∈ LP B(Mcn);
(c) for any space T over B and a closed embedding i : Y → T over B such that (T , i(Y )) ∈ Mcn, there is an open neighborhood U of
i(Y ) in T , such that (U , i(Y )) ∈ LP B(Mcn).
Proof. First we prove the implication (a) ⇒ (b). Let T be a space over B and i : Y → T be a homeomorphism over B . Since
i(Y ) ∈ ANEB(Mcn), we may assume that Y ⊂ T and q : T → B is the projection of the space T , such that the restriction
q|Y is an open map. In view of Theorem 2.6, for each y ∈ Y and an open neighborhood U of y in T , there is an open
neighborhood V ⊂ U of y in T such that (U ∩ Y , V ∩ Y ) ∈ E P B(Mcn).
Hence, for any y ∈ Y , there is a sequence of open neighborhoods V n+1y ⊂ V ny ⊂ · · · ⊂ V 0y of y in T and a sequence of
families Un+1,Un, . . . ,U0 := {T } of open subsets of T , such that the following conditions are satisﬁed:
for any i = 0,1, . . . ,n + 1 and y ∈ Y , there is U iy ∈Ui such that
(
U iy ∩ Y , V iy ∩ Y
) ∈ E P B(Mcn), (12)
for any i = 1,2, . . . ,n + 1, Ui is an open cover of the space⋃y∈Y V i−1y ,
being a strong star-reﬁnement of the cover
{
V i−1y
}
y∈Y . (13)
Let U := ⋃y∈Y (V n+1y ∩ q−1(q(V n+1y ∩ Y ))) and take any pair (Z , Z0) ∈ Mcn , where (Z , s) is a space over B , and a map
g : Z → U over B . For any y ∈ Y , the set
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(
V n+1y ∩ q−1
(
q
(
V n+1y ∩ Y
)))
is an open subset of Z . Applying Lemma 2.7 to the pair (Z , Z0) ∈ Mcn and to W = {Wy | y ∈ Y }, we obtain a ﬁltration
Z0 ⊂ Z1 ⊂ · · · ⊂ Zn+2 = Z and a family of sets {Bαi | i = 0, . . . ,n + 1,α ∈ Ii} having the properties enlisted in this lemma. To
each i = 0, . . . ,n + 1 and α ∈ Ii , we assign y(i,α) ∈ Y such that
Bαi ⊂ Wy(i,α).
For i = 1, . . . ,n + 2, we construct a map f i : Zi → Y over B satisfying the following conditions:
for any α ∈ Ii−1, there is U ′ ∈Un+2−i such that f i
(
Bαi−1
)∪ V n+1y(i−1,α) ⊂ U ′, (14)
f i(z) = f i−1(z) for any z ∈ Zi−1. (15)
The map f0 := g|Z0 is constructed. Suppose that for some i ∈ {0, . . . ,n + 1}, the ﬁberwise maps { fk | k = 0, . . . , i} satisfying
the above conditions have been constructed.
Take any α ∈ Ii . We claim that there is y ∈ Y such that
f i
(
Zi ∩ Bαi
)⊂ V n+1−iy .
Indeed, observe that
f i
(
Zi ∩ Bαi
)⊂ f0(Z0 ∩ Bαi )∪
i−1⋃
k=0
⋃
α′∈Ik
f i
(
Bα
′
k ∩ Bαi
)⊂ V n+1y(i,α) ∪
⋃
(k,α′)∈I(i,α)
(
fk+1
(
Bα
′
k
)∪ V n+1y(k,α′)), (16)
where I(i,α) := {(k,α′) | k = 0, . . . , i − 1, α′ ∈ Ik, Bα′k ∩ Bαi = ∅}. Let (k,α′) ∈ I(i,α). Since the cover Un+2−(k+1) reﬁnes
Un+2−i and (14) holds, there is U ′ ∈Un+2−i such that
fk+1
(
Bα
′
k
)∪ V n+1y(k,α′) ⊂ U ′.
Since Bα
′
k ∩ Bαi = ∅,
V n+1y(k,α′) ∩ V n+1y(i,α) = ∅
and, hence, V n+1y(i,α) ∩ U ′ = ∅. Therefore, by (16) and (13), we have
f i
(
Zi ∩ Bαi
)⊂ st(V n+1y(i,α),Un+2−i)⊂ V n+1−iy ,
for some y ∈ Y . Since (Bαi , Zi ∩ Bαi ) ∈ Mcn and
s
(
Bαi
)⊂ s(Wy(i,α)) ⊂ q(V n+1y(i,α) ∩ Y )⊂ q(V n+1−iy ∩ Y ),
in view of (12), there is a map f αi : Bαi → Un+1−iy ∩ Y over B being an extension of f i|Zi∩Bαi , where Un+1−iy ∈ Un+1−i . Now
we deﬁne a map f i+1 : Zi+1 → Y by the formulae
f i+1(z) = f αi (z), if z ∈ Bαi and α ∈ Ii,
f i+1(z) = f i(z), if z ∈ Zi .
The map f i+1 is a correctly deﬁned continuous map over B , since the sets {Bαi ∩ (U \ Z0)}α∈Ii are pairwise separated by
open neighborhoods. Moreover, f i+1 satisﬁes conditions (14), (15). The induction implies that f := fn+2 : Z = Zn+2 → Y is
a required extension over B of f0.
The implication (b) ⇒ (c) is obvious.
We shall now prove the implication (c) ⇒ (a). Assume that condition (c) holds, let (Z , Z0) ∈ Mcn and let f0 : Z0 → Y
be a map over B . In view of Lemma 3.2 in [6], there are a (metric) space Y∗ , a closed embedding i∗ : Y → Y∗ and a map
f∗ : Z → Y∗ such that f∗|Z0 = i∗ ◦ f0 and f∗|Z \ Z0 is a homeomorphism of Z \ Z0 onto Y∗ \ i∗(Y ). Consider the maps
g : Z → Y∗ × B and i : Y → Y∗ × B over B given by g(z) := ( f∗(z), s(z)) for z ∈ Z , and i(y) := (i∗(y),q(y)) for y ∈ Y . It is
clear that the following diagram
Y
q
i
Z0
f0
⊂
Y∗ × B πB B
Z
g
s
is commutative.
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is a homeomorphism of Z \ Z0 onto g(Z \ Z0) = T \ i(Y ) over B . Hence (T , i(Y )) ∈ Mcn and, in view of condition (c), there
is an open neighborhood U of i(Y ) such that (U , i(Y )) ∈ LP B(Mcn). Then, there is a map f : W := g−1(U ) → i(Y ) over B
such that the following diagram
i(Y )
i−1◦q
Z0
i◦ f0
⊂
U
πB|U
B
W
g|W
s|W
f
is commutative.
Finally the map i−1 ◦ f is a required extension of the map f0 over B . 
Corollary 2.10. Suppose that (T ,q) is a space over B such that dim(T ) n+ 1, and Y is a subspace of T the projection q|Y is an open
surjection. If (Y ,q|Y ) ∈ ANEB(Mcn), then there is an open neighborhood U of Y in T , such that for any closed subset A of T such that
A ⊂ Y , there is a ﬁberwise map r : U → Y such that r(a) = a for any a ∈ A.
Proof. Let (Y ,q|Y ) ∈ ANEB(Mcn). By Theorem 2.9(b), there is an open neighborhood U of Y in T such that (U , Y ) ∈
LP B(Mcn). Let A be a closed subset of T . Note that (U , A) ∈ Mcn , and there is a lifting r : U → Y such that r|A = g|A ,
where g := idU . 
Corollary 2.11. Suppose that (T ,q) is a space over B, Y is a subspace of T and the projection q|Y is an open surjection. If (Y ,q|Y ) ∈
ANEB(Mcn) and, for every open neighborhood U of Y in T , there is an open neighborhood V ⊂ U of Y such that (U , V ) ∈ E P B(Mcn),
then (Y ,q|Y ) ∈ AEB(Mcn).
Proof. Suppose that (Z , Z0) ∈ Mcn , where (Z , s) is a space over B , and let f0 : Z0 → Y be a map over B . Since (Y ,q|Y ) ∈
ANEB(Mcn), by Theorem 2.9(b), there is an open neighborhood U of Y in T such that (U , Y ) ∈ LP B(Mcn). Moreover there
is an open neighborhood V of Y such that (U , V ) ∈ E P B(Mcn). Then there is an extension g : Z → U over B of the map
f0 : Z0 → Y ⊂ V . Furthermore, there is a map f : Z → Y over B such that f (z) = g(z) = f0(z) for any z ∈ Z0. Hence f is a
required extension of the map f0. 
Note that the above corollary is also new in the non-ﬁberwise case. It may be considered as an analogue to the follow-
ing fact: if K ∈ ANR is a compact cell-like set (i.e., when embedded as a closed subset of Y ∈ ANR, K is contractible in any open
neighborhood of K in Y ), then K ∈ AR . Indeed, since K ∈ ANR then the identity idK is a closed embedding of K into itself
and, hence, K is a contractible absolute neighborhood retract. Thus, it is well known that K is an absolute retract. By the
Hyman theorem (see [7]), a compact subset K of a space T is cell-like if and only if, any open neighborhood U of K in T
admits an open neighborhood V ⊂ U of K , V ⊂ U , such that (U , V ) ∈ E P (M) (i.e., E P B(M) with B = {b}). The equalities
ANR = ANE(M) and AR = AE(M) complete the proof.
Acknowledgement
The author would like to thank the referee for helpful suggestions and corrections.
References
[1] R. Arens, J. Eells, On embedding uniform and topological spaces, Paciﬁc J. Math. 6 (1956) 397–403.
[2] K. Borsuk, Theory of Retracts, Monograﬁe Mat., vol. 44, PWN-Polish Scientiﬁc Publishers, Warszawa, 1967.
[3] M.C. Crabb, I.M. James, Fibrewise Homotopy Theory, Springer, 1998.
[4] A. Dold, The ﬁxed point index of ﬁbre-preserving maps, Invent. Math. 25 (1974) 281–297.
[5] L. Górniewicz, A. Granas, W. Kryszewski, On the homotopy method in the ﬁxed point index theory of multivalued mappings of compact ANRs, J. Math.
Anal. Appl. 161 (1991) 457–473.
[6] S.T. Hu, Theory of Retracts, Wayne Univ., Detroit, 1965.
[7] D.M. Hyman, On decreasing sequences of compact absolute retracts, Fund. Math. 64 (1969) 91–97.
[8] I.M. James, General Topology and Homotopy Theory, Springer, 1984.
[9] I.M. James, Fibrewise Topology, Cambridge Univ. Press, 1989.
[10] W. Kryszewski, Graph-approximation of set-valued maps on noncompact domains, Topology Appl. 83 (1998) 1–21.
[11] W. Kryszewski, J. Mederski, Fixed point index for Krasnosiel’skii-type set-valued maps on complete ANRs, Topol. Methods Nonlinear Anal. 28 (2006)
335–384.
[12] E. Michael, Continuous selections I, Ann. of Math. 63 (1956) 361–382.
[13] E. Michael, Continuous selections II, Ann. of Math. 64 (1956) 562–580.
J. Mederski / Topology and its Applications 156 (2009) 2295–2305 2305[14] E. Michael, A generalization of a theorem on continuous selections, Proc. Amer. Math. Soc. 105 (1989) 236–243.
[15] T. Miwa, On ﬁberwise retraction and extension, Houston J. Math. 26 (4) (2000) 811–831.
[16] P.A. Ostrand, Dimension of metric spaces and Hilbert’s problem 13, Bull. Amer. Math. Soc. 71 (1965) 619–622.
[17] D. Repovš, P. Semenov, Continuous Selections of Multivalued Mappings, Kluwer, Dordrecht, 1998.
